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We developed a computational method for estimating magnetic dipole energy of slab materials using spin density obtained through
a density functional approach. The new method can accurately estimate magnetic anisotropy energy for slabs from magnetic dipole
interaction, called shape magnetic anisotropy energy (SMAE). We investigated ferromagnetic and antiferromagnetic slabs and
found that a quadrupole component of atomic spin density suppresses SMAE in ferromagnetic slabs with Fe/MgO interface. In
antiferromagnetic MnPt slabs, which have a perpendicular favor originating from the crystalline magnetic dipole interaction, a
surface effect at the Mn edge appears as an enhancement of SMAE.

Index Terms—magnetic anisotropy energy, shape anisotropy, spin density functional theory, magnetic dipole interaction

I. INTRODUCTION

THE magnetic anisotropy at the surface/interface plays an
important role in magnetic properties of nanoscale size.

The contribution of magnetic dipole-dipole coupling among
electron spins cannot be neglected, as well as that of spin-orbit
coupling in band electrons. Recently, complicated stackings of
ferromagnetic materials or junctions between different kinds
of magnets are focused in the materials for memory or sensor
[1], [2], or for emerging new phenomena [3], [4], [5]. In this
context, we developed a computational method for estimating
magnetic anisotropy originating from the spin-orbit coupling
in slabs [6]. To evaluate the total magnetic anisotropy in slabs
more precisely, we propose a new computational method for
magnetic dipole coupling [7]. To test the proposed method, we
applied it to ferromagnetic slabs with multi-atomic monolayers
and to antiferromagnetic slabs with perpendicular components
from magnetic dipole coupling.

II. COMPUTATIONAL METHOD

A. Computational details

We carried out self-consistent calculations in order to obtain
the data of magnetic moment densities [m(r)] and atomic
magnetic moments in a spin density functional theory (SDFT)
scheme [8], [9]. In this work, we investigated the shape
magnetic anisotropy energy (SMAE) using the post-SDFT ap-
proaches; continuum approach (CA), discrete approach (DA),
and spin density approach (SDA). The CA uses the data of
total magnetization and a parameter of the slab thickness
to evaluate the magnetic anisotropy energy (MAE) given by
MAE(CA) = µ0M

2/2Ω, where µ0, M , and Ω are the vacuum
permeability, total magnetic moment, and slab volume, respec-
tively. In this formula, a uniform spin density is assumed in the
magnetic slab. The DA uses the data of the atomic magnetic
moments extracted from the spin density and evaluates the

Manuscript received June 4, 2018; revised August 8, 2018 and August
24, 2018; accepted August 29, 2018. Corresponding author: T. Oda (email:
oda@cphys.s.kanazawa-u.ac.jp).

magnetic dipole energy given by the following formula in the
Hartree unit [10],

EDA =
1

8c2

∑
R,t,t′

′
[

mt ·mt′

|R+ t− t′|3

−3
{(R+ t− t′) ·mt} {(R+ t− t′) ·mt′}

|R+ t− t′|5

]
, (1)

where c = 137.0370, R indicates the translational lattice vec-
tor, mt expresses the atomic magnetic moment integrated in a
given atomic sphere with the spin density m(r), and the sum
with the prime

∑′ indicates that the cases of R+ t− t′ = 0
are excluded. The SDA employs the following formula [11],

ESDA =
1

8c2

∫ ∫
drdr′

[
m(r) ·m(r′)

|r− r′|3

−3
{(r− r′) ·m(r)} {(r− r′) ·m(r′)}

|r− r′|5

]
. (2)

The contribution to ESDA at r = r′ should vanish due to
the self-interaction of electrons, and the explicit treatment of
the exclusion is usually necessary in a practical calculation.
Comparing the DA and SDA, the intra-atomic contribution
is not taken into account in the evaluation of EDA except
for the atomic moment, while ESDA reflects the shape of
the general spin density distribution. In the DA or SDA,
the MAE is obtained as the energy difference between the
magnetization alignments along perpendicular ([001]) and
parallel ([100]) axes, such as MAE(DA) = E

[001]
DA − E

[100]
DA

and MAE(SDA) = E
[001]
SDA − E

[100]
SDA .

In the evaluation of EDA, one can use an alternative method
different from the previously used [10], [12]. In the SDA,
replacing the real m(r) with the sum of Gaussian-shaped
spherical atomic magnetic moment density (GSMM), ESDA

of (2) becomes equal to EDA. The Gaussian shape was
reconstructed with m(r) =

∑
I ma,I π

−3/2κ−3 exp(−|r −
RI |2/κ2), where κ is the Gaussian width and ma,I specifies
the atomic magnetic moment on the I’s atom. In this case,
the Gaussian width should be reduced enough, for example
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Fig. 1. Convergence of MAE with respect to c-axis for Fe square lattice
slab using two-dimensional (squares) and three-dimensional (bullets) formula.
a(lattice constant)=5.42 Bohr, ma = 3 µB, and κ = 1 Bohr. Note that
the horizontal and vertical scales are different between the left and the right
panels.

κ = 1 Bohr (= 0.0529 nm), so that the neighboring atomic
spin densities do not share the tails with each other.

In this work, we focus on slab systems and therefore need a
formula particular to a two-dimensional version, as implied in
[10]. Recently, an implementation of magnetic dipole energy
has been developed in the SDFT code [7]. The implementation
allows us to evaluate the magnetic dipole energy efficiently.
In Fig. 1, a convergence of the magnetic dipole energy is
shown with respect to c (cell dimension of c-axis) for a
slab system (free-standing Fe atomic monolayer). The data
of two-dimensional version converge rapidly, compared with
those of three-dimensional one. Because in the evaluation the
energy cut-offs of the plane wave basis for wave functions and
electron densities are kept to fixed values (30 Ry and 300 Ry)
[13], the larger c also corresponds to a higher accuracy.

III. RESULTS AND DISCUSSION

A. Stacking effects in ferromagnetic slabs

In regard to the magnetic anisotropy of ferromagnetic layers,
there are surface/interface effects and stacking effects. When
the spin density distribution is distorted from a spherical shape
on atomic magnetic density so that there is a quadrupole com-
ponent in addition to the spherical, the MAE(SDA) varies from
MAE(DA). A prolate (oblate) atomic magnetic density leads to
a decrease (an increase) in the in-plane MAE [7]. Such effect
may appear on the interface of metallic-ferromagnet/insulator
as well as on the surface of the ferromagnetic slabs , as shown
in this and next subsections.

When the atomic magnetic density shares the tails of the
densities contributed from the neighboring atoms assuming
spherical atomic density on each atom, the resulting MAE
differs from the MAE(DA). Such effect may appear in metallic
ferromagnetic slabs since the distance between the layers
changes depending on the stacking sequence or interface
circumstance. In Fig. 2, the MAE of free-standing Fe xML
(x = 1−5) is shown for ESDA with the GSMM density of the
Gaussian width. In this evaluation, the Fe layer with a (001)
surface was extracted from the BCC bulk Fe with the lattice
constant of 5.42 Bohr, and ma = 3 µB. When κ (=1 Bohr)
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Fig. 2. Left axis: MAE(SDA) (plus, cross, asterisk) of free-standing Fe(xML)
(x = 1 − 5) with GSMM density for Gaussian widths, κ = 1, 2, 2.5 Bohr.
Right axis: square symbols indicate the difference from κ = 1 Bohr. The data
on x = 0 is for the eye guide only.

is small, the MAE changes linearly, showing no effect on the
surface. In contrast, large κ (=2.5 Bohr) suppresses the in-
plane MAE by 0.062 meV per surface unit cell (0.12 mJ/m2)
at the larger thicknesses (x = 3, 4, 5). This value indicates
the surface effects on both sides of the slab, comparable to
or larger than those of the experimental resolutions [1] or
temperature effects [14].

Next, we investigated the MAE of MgO(5ML)/Fe(xML)/
MgO(5ML) (x = 1−10) slab with the in-plane lattice constant
extracted from MgO. This slab has vacuum layers of 0.9 nm
thick on both sides of the layer. After the relaxation of layer
distances, we estimated the MAEs for CA, DA, and SDA.
The midpoint-to-midpoint layer distance between the Fe/MgO
interfaces was taken as layer thickness. In order to identify
the difference between the surface and interface effects, we
also evaluated the MAE of an Fe(xML) slab obtained by
deleting the MgO layers from the MgO/Fe(xML)/MgO slab.
Our results are similar to the data of demagnetization energy
in the previous work [15]. As shown in Fig. 3, the CA
tends to provide larger values of MAEs (ECA), namely, a
stronger in-plane anisotropy. In contrast, ESDA is reduced
by the surface/interface effect. This reduction is estimated
by the difference between the intersections of linear fitting
lines to be 0.163 mJ/m2 and 0.166 mJ/m2 for the slabs of
MgO/Fe(xML)/MgO and Fe(xML), respectively. Similarity
between these values tends to hide the difference between
the interface effect of Fe/MgO and the surface effect of Fe-
layer. When comparing the intersections of the DA and SDA,
the corresponding differences are 0.109 mJ/m2 and 0.073
mJ/m2, indicating the difference between the interface and
surface effects. The increasing rate of MAE with respect to
the thickness, namely, the slope of linear fitting line in Fig. 3,
does not vary with a large amount among the results of CA,
DA, and SDA. This is due to the fact that the spin density
distribution on the magnetic atom inside the layer (not at the
interface/surface) has few quadrupole components.

Such quadrupole contribution is only observed in the inter-
face layer. In Fig. 4(a), the radial spin density distributions
of spherical and quadrupole components are shown for the
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Fig. 3. MAEs of (a) MgO/Fe(xML)/MgO and (b) Fe(xML) (x = 1 − 10)
for CA, DA, and SDA. The CA with the experimental thickness (0.14 nm/Fe
ML) is also plotted. The lines are deduced from the least square fitting using
the data of x = 3− 10.

atoms on the interface and inside the layer. On the inside, the
quadrupole component is reduced significantly compared with
that on the interface. The origin of quadrupole spin density
is based on the electron occupation of angular-dependent 3d
orbitals. The prolate (oblate) type of atom-like spin density
disfavors (favors) the in-plane shape anisotropy. Note that the
surface effect discussed in Fig. 2 is negligible due to the fact
that, as shown in Fig. 4, the spherical spin density distribution
is damped enough outside the atomic region.

As shown in Fig. 3, the MAE of one or two Fe monolayer
cases (x = 1 or 2) is suppressed from the value extrapolated
from the data of thicker slabs. This is because the thinner slab
has a part of surface/interface only. In such cases, extrapolation
to a small thickness is no longer available, so the SDA is
useful. In a ferromagnetic layer, such as Fe layer with an in-
terface with MgO, the MAE originating from magnetic dipole
interaction can be partially canceled out by a perpendicular
MAE originating from the spin-orbit interaction [16]. The
SDA is also useful for analyzing the MAE in slab systems.
Recently, Ohno’s group has investigated a thin film in which
a magnetic alloy of Fe75B25 sandwiched with MgO [17] was
used. The increasing rate of MAE with respect to the thickness
seems to be lower than that in the present work. The difference
in thickness and the FeB-alloying effect may provide a new
starting point for future investigations on MAE.

B. Application in antiferromagnetic slabs

We investigated the MAE originating from the magnetic
dipole interaction in a MnPt slab extracted from the bulk with
L10 ordered alloy. Assuming an antiferromagnetic configura-
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Fig. 4. Radial atomic spin density distribution [in (Bohr)−3] in (a)
MgO/Fe(5ML)/MgO and (b) MnPt(5ML). Fe1 and Mn2 indicate the inter-
face/surface atoms, and Fe3 and Mn4 indicate the atoms inside the layer. All
the quadrupole components are magnified 20 times.

tion is the same as in the bulk, where the total magnetization
in the same Mn-atom layer vanishes and the atomic magnetic
moments are parallel to those of the nearest-neighboring Mn
layers, the DA and SDA were applied to several thicknesses
(tML) with a (001) surface. The CA provides no contribution
of MAE due to no magnetization. In the evaluations of EDA

and ESDA, a
√
2 ×

√
2 magnetic unit cell was taken for an

in-plane periodicity with the lattice constant of 7.56 Bohr.
As shown in Fig. 5, the negative signs of data indicate a per-

pendicular magnetic anisotropy. This perpendicular anisotropy
is attributed to the antiferromagnetic spin alignment in each
Mn atom-layer. The absolute of ESDA is larger than that
of EDA. Surface effects on the spin density distribution are
clearly shown at the intersections of fitted linear lines between
EDA and ESDA. This is because the quadrupole component
of atomic spin density distribution on the surface magnetic
atom enhances the MAE. In Fig. 4(b), the typical quadrupole
component on the surface Mn atom for MnPt(5ML) is shown.
The difference in the intersection between EDA and ESDA is
estimated to be 0.140 mJ/m2 and 0.053 mJ/m2 for the odd and
even layers, respectively. The difference between these values
is attributed to the difference of the surface edge termination.
Both edges are Mn terminations in the odd layers and Mn and
Pt terminations in the even layers.

The slope of the fitted linear line indicates a bulk-like
property. The slopes of the odd and even layers are similar,
resulting in the average of 0.094 mJ/m2 per layer for the SDA.
This perpendicular MAE is compiled to 0.094 meV/f.u. in
a bulk form. The corresponding value of the DA is 0.087
meV/f.u. (0.087 mJ/m2). The difference between the SDA and
DA is 0.007 meV/f.u. This value is small but not negligible,
originating from the quadrupole component on the Mn atom
inside the layer (not on the surface). This is demonstrated in
Fig. 4(b) where the quadrupole component inside the layer
(Mn4 atom) is comparable to that on the surface (Mn2 atom).
This may be caused by a tetragonal distortion in the bulk MnPt
having the c/a ratio of 0.92 [18].

There is an in-plane MAE originating from the spin-orbit
interaction of band electrons [19]. Cancellation between per-
pendicular and in-plane contributions is interesting to dis-
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cuss. Considering the computational value (0.114 meV/f.u.)
obtained with the SDFT approach by Lu et al. [19], the
total MAE (0.02 meV/f.u.) indicates a relatively weak in-
plane favor in magnetization. This value corresponds to 0.02
mJ/m2 for a slab form. This smallness is consistent with the
experimental ambiguity or observations of the transition from
perpendicular to in-plane anisotropy under external perturba-
tions [19]. Such kind of sensitivity of the total MAE allows
us to design magnetic anisotropies. The computational design
using the present scheme may also be combined with the spin-
orbit interaction.

IV. CONCLUSION

We investigated the SMAE of the ferromagnetic MgO/
Fe(xML)/MgO slab and antiferromagnetic MnPt(tML) slab
using the CA, DA, and SDA. The recently developed SDA
allowed us to estimate the SMAE more accurately based on the
realistic spin density obtained in the first-principles approach.
The SDA is able to include the effect of non-spherical spin
density distribution, such as quadrupole atomic spin density.
Such spin density distribution at the interface/surface or bulk-
like site showed non-negligible variations of the MAE. This
new approach using spin density may be useful for analyzing
a subtle balance between different anisotropy origins, for
example, origins of in-plane and out-of-plane.
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